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Abstract. Let gi, . . . , q n be some variables and set K := Z[qi, . . . , <Zn]/(n™=i *?»)• We show 
that there exists a if-bilinear product * on H*(F n ; Z) <8> K which is uniquely determined by 
some quantum cohomology like properties (most importantly, a degree two relation involving 
the generators and an analogue of the flatness of the Dubrovin connection). Then we prove 
that 7k- satisfies the Frobenius property with respect to the Poincare pairing of H*(F n \1)\ 
this leads immediately to the orthogonality of the corresponding Schubert type polynomials. 
We also note that if we pick k £ {!,..., n\ and we formally replace qk by 0, the ring 
(H*(F n ; Z) (gi K, *) becomes isomorphic to the usual small quantum cohomology ring of F n , 
by an isomorphism which is described precisely. 



1. Introduction 

We consider the complex flag manifold 

F n — {Vi C Vi C . . . C V n -\ C C n | Vk is a fc-dimensional linear subspace of C n }. 

For every k 6 _f 1, . . . , n — 1} we consider the tautological vector bundle Vk over F n and 
the cohomologjo class yk = — Ci(det 14) G H 2 (F n ). It is known that the cohomology classes 
Hi, . . . ,y n -i generate the ring H*(F n ). To describe the ideal of relations, it is convenient 
to consider the classes Xk '■= Vk — Uk-i, 1 < k < n (where we assign y = y n := 0). If 
Yi, . . . , Y n _i are some variables, we set 

Xk :=Yk — Tfe-i, 

where Y = Y n := 0. We denote by S(Xi, . . . , X n ) the ideal of Z[Xi, . . . , X n ] generated by 
the symmetric polynomials with zero constant term. By a theorem of Borel, there is a ring 
isomorphism 

(1) H*{F n ) ~ Z[Y 1; . . . , Y n -i]/S(Xi, ...,X n ). 

Here yi is mapped to the coset of Yj, for all i G {1, . . . , n — 1}. 

The small quantum cohomology ring qH*(F n ) is a deformation with n — 1 parameters of 
H*(F n ). A theorem of Givental and Kim |Gi-Ki] describes qH*(F n ) as a quotient of a certain 
polynomial ring by the ideal generated by the integrals of motions of the open Toda lattice. 
In this paper we consider the "periodic" version of the latter (quotient) ring: that is, the 

Date: April 8, 2010. 

1 The coefficient ring for cohomology will be always Z, unless otherwise specified. 
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ideal of relations is generated by the integrals of motion of the periodic Toda lattice. We 
address the following question: does this new ring arise in the spirit of Givental and Kim 
from a deformation of H*(F n )7 We construct such a deformation, give a list of properties 
that characterizes it uniquely, and then study it briefly. 

Let us be more precise. We consider n variables q±, . . . , q n and set 

n 

K:=Z[q l ,...,q n ]/([[q i ). 
The main result of this paper is as follows. 

Theorem 1.1. There exists a product * on H*(F n ) ®K which is uniquely determined by the 
following properties: 

(i) -k is K-bilinear 

(ii) * preserves the grading induced by the usual grading of H*(F n ) combined with deg qj = 
4, 1 < j < n 

(iii) * is a deformation of the usual product, in the sense that if we formally replace all 
qj by 0, we obtain the usual (cup-)product on H*(F n ) 

(iv) * is commutative 

(v) * is associative 

(vi) we have the relation 

n 

l<i<j<n j=l 

(vii) the coefficients {yi * a)d G H*(F n ) of q d := qf 1 --- q^ n in yi* a satisfy 

(di - d n )(y j 'ka) d = (dj - d n )(yi*a) d , 
for any d = (di, . . . , d n ) > 0, a 6 H*(F n ), and 1 < i,j ' < n — 1. 

The product * is constructed in Section [3j The main input consists of the conservation 
laws of the periodic quantum Toda lattice (cf. |Go- Waj . |Koj ). From the construction we 
can see that we have a ring isomorphism 

(2) (H*(F n ) ®K,*)~ Z[Yi, . . . , F n _ 1; q n ]/{K x , ...,K n ), 

where TZi, . . . , lZ n are essentially the integrals of motion of the periodic Toda lattice. They are 
described explicitly by equation below. We note at this point that lZ n = ± YYi=i Qi- This 
explains why the "quantum parameter" ring of our deformation of H*(F n ) is no longer a poly- 
nomial ring, like for qH*(F n ), but rather the somewhat awkward ring . . . , q n ]/ ([\i=i Qi)- 

We will also prove some properties of the product *. The first one involves the Poincare 
pairing ( , ) on H*(F n ); we actually extend it to a i^-bilinear form on H*(F n ) £g> K. 

Theorem 1.2. The product * satisfies the following Frobenius type property: 

(a * b, c) = (a, b-kc) 

for any a, b, c G H*(F n ). 
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We also consider representatives of Schubert cohomology classes in H*(F n ) via the isomor- 
phism given by (J2J), which are polynomials in Y x , . . . , F„_i, gi, . . . ,q n . Theorem II .21 will allow 
us to prove that these polynomials satisfy a certain orthogonality relation, similar to the one 
satisfied by the quantum Schubert polynomials of [Fo-Ge-Po] and [Ki-Ma] (see Proposition 
Obelow). 

Finally, we consider the ring obtained from (H*(F n ) <g> K,*) by formally setting a certain 
q k to zero. More precisely, we denote by (q k ) the set of all elements of H*(F n ) <g> K that are 
multiples of qk and take the quotient 

(H*(F n ) <g> K)/{q k ) = H*(F n ) ® Z[q x , g fc _i, q k+1 , ...,q n ] 

= Z[x x , . . . , x n , q 1 , . . . , qk-i, qk+i, • • • , q n ]/S(xi, . . . , x n ). 

Here S(x x , . . . ,x n ) denotes the ideal of Z[x x , . . . ,x n ] which is generated by the symmetric 
polynomials with zero constant term. The space (H*(F n ) ® K)/(q k ) can be equipped with 
the product induced by *. The resulting ring is isomorphic to the actual small quantum 
cohomology ring qH*(F n ): the following theorem describes this ring isomorphism. We recall 
(cf. e.g. |Fu-Paj ) that the ring qH*(F n ) consists of the space 

H*(F n ) ® Z[Q h . . . , Q n _ x ] = Z[X 1} ...,X n ,Q h ..., Q n . 1 }/S(X 1 , ...,X n ), 

which is equipped with a certain (quantum) product. 

Theorem 1.3. Fix k G {l,...,n}. The ring ((H*(F n ) <g> K)/(q k ), *) is isomorphic to 
qH*(F n ). The isomorphism is the map from 

Z[Xi, . . . , X n , Qi, . . . , Qn-i}/ S(Xi, . . . , X n ) 

to 

Z[xi, . . . ,x n ,qi, . . . ,g fc _i,g fc+ i, . . . ,q n ]/S{x x , ...,x n ) 

which is given by 

Xi i y x k - i+ i, 1 < i < n, Qj !->■ q k _j, 1 < j < n - 1, 
where the indices are evaluated modulo n. 

Remarks. 1. A characterization of the quantum cohomology ring qH*(F n ), similar in spirit 
to the one given by Theorem ll.il has been obtained by the author in [Ma2j ; see also Theorem 
O below. 

2. The product * considered in this paper could also be relevant in the context of the small 
quantum cohomology of the infinite dimensional flag manifold . The ring qH * ( Tl^ 1 ) 
is conjecturally defined and investigated by Guest and Otofuji in [Gu-Otj and the author of 
the present paper in [Malj . More precisely, in the latter paper we have considered a product 
o on if*(J r £ ( - n ^ M.) <g)R[gi, . . . , q n ] which satisfies certain natural properties similar to (i)-(vii) 
in Theorem 11.11 above; we have also explained why a quantum product o resulting from 
Gromov-Witten invariants of Tt^ should satisfy these properties. However, it is still an 
open question whether such a product exists. As long as nobody gave a rigorous definition 
(in terms of stable curves) it seems natural to attempt to construct it by other 
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means, for instance with the methods of this paper. In fact, the ring we are constructing 
and studying here is essentially the quotient of gif *(J r £ < - n - ) ) by the product YYi=i Qi- 

3. Let G be a compact simple simply connected Lie group and T C G a maximal torus. 
It is likely that some of the results of this paper can be extended to the flag manifold 
G/T, where G is of type other than A. For instance, if £ := dimT, we expect that an 
extension of H*(G/T; M.) with i + 1 parameters can be constructed with the methods used 
in Section [3] below. More precisely, the ring of "quantum parameters" would be in this case 
K — M[qi, . . . , qi + \\ / (q™ 1 ■ ■ ■ q™ e qe+i)- The numbers mi, ...,m< arise from the expansion 

V V i , V 

a = mia{ + . . . + mea e , 

where {ax, . . . , ae} is a simple root system of G, «o the highest root, and the superscript V 
indicates the corresponding coroot. However, it should be noted that the construction could 
only work for G of certain types (e.g. A, B or C), for exactly the same reason as in |Malj . 
We will probably explore this more general situation elsewhere. 

The paper is organized as follows: First we prove Theorem 11.31 and the uniqueness part 
of Theorem 11.11 After that we prove the existence part of the latter theorem, which uses 
a presentation of the ring (H*(F n ) £g> K,~k) in terms of generators and relations. Finally we 
prove the Frobenius property and the orthogonality of the Schubert type polynomials. Such 
polynomials are determined explicitly in the case n = 3. 

Acknowledgements. I would like to thank Martin Guest and Takashi Otofuji for discus- 
sions about the topics of the paper. I am also extremely grateful to the Referee for suggesting 
numerous improvements. 

2. Uniqueness of the product * 

The goals of this section are: show that there exists at most one product * with the 
properties (i)-(vii) in Theorem II. 1| prove Theorem 11.31 The main instrument is the following 
result, which is a particular case of |Ma2| Theorem 1.1]. 

Theorem 2.1. ([Ma2]) Let Y\, . . . , Y n _i, Qi, . . . , Q n -\ be some variables and set Xj := Yj — 
Yj_i for 1 < j < n, where Y — Y n :— 0. Denote by S(Xi, . . . , X n ) the ideal ofL\Y\, . . . , Y n _i] 
generated by the symmetric polynomials with zero constant term in Xi, . . . , X n . There exists 
a product o on 

(Z[n, . . . , Y n ^ 1 ]/S{X 1 , ...,X n ))® Z[Q U . . . , Q n _i] 
which is uniquely determined by the following properties: 

(i) o is Z*[Qi, . . . , Q n -i]-bilinear 

(ii) deg([/] o [g]) = deg[/] + deg[g], for any f,gE Z[Yi, . . . , Y n _i] which are homogeneous 
(the brackets [ } indicate the coset modulo S(Xi, . . . ,X n ) and the grading is given by 
degY :=2, degQ, := A) 

(iii) o is a deformation of the canonical product on Z[Yi, . . . , Y n -i]/S(Xx, . . . , X n ) 

(iv) o is commutative 
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(v) o is associative 

(vi) we have 

n-1 

l<i<j<n i=l 

Q i ^m°lf)) = Q< 1 ^W]°lf]) 

for any 1 < i, j < n — 1 and any f G Z[Y"i, . . . , Y n -i] . 

The product o mentioned in this theorem is induced by the small quantum cohomology 
ring qH*(F n ) via the Borel isomorphism ([T]). 

Let now * be a product which satisfies the assumptions (i)-(vii) in Theorem ll.il The ring 
(H*(F n ) eg) K, *) is generated by yi, . . . , y n -i, Qi, ■ ■ ■ , Q n . Consequently, as a il~-algebra, it is 
generated by y%, . . . , y n -i- Let us consider the Schubert basis {a w \ w G S n } of H*(F n ). Here 
S n is the symmetric group and a w are cosets in Z[x±, . . . , x n ]/S(xi, . . . , x n ) of the Schubert 
polynomials (cf. e.g. |Fuj Ch. 10]). We also consider the expansion 

(3) y i - k a w = Y UJ T CJ v 

V£S n 

where G K. We will show that for any i, v, and w, the coefficient to™ is prescribed. 
To this end, we first consider the quotient 

{H*(F n ) <g> K)/(q n ) = H*(F n ) <g> Z[g ls . . . , g„_i] = Z[x ly ...,x n ,qx,.. . , q n ^ 1 ]/S{x x , ...,x n ) 

and equip it with the product induced by *. Let us denote this new product by * n . It is 
commutative, associative, and satisfies the obvious grading condition. Moreover, for any 
a G H*(F n ) and any d = (di, . . . , d n -x, 0) > we have 

di(yj * n a)d = dj{yi * n a) d , 

for all 1 < i, j < n — 1. This implies that 

% dqj 

for all i, j G {1, . . . ,n — 1} and all a G H*(F n ). Assumption (vi) in Theorem 11.11 implies that 

n-1 

22 X i *n Xj + ^ qj = 0. 

l<i<j'<ra i=l 

From Theorem 12.11 we deduce that * n = o, via the identifications 

Vj = Y ii Qj = Qj> 1 < J < ^ - L 
This implies Theorem 11.31 for k = n: we also use the fact that the map 

Xi h> X n - i+h 1 < % < n, Qj ^ Qn-j, 1 < j < n - 1 
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is an automorphism of qH*(F n ). Another consequence of the fact that -k n = o concerns the 
coefficient to™ in the expansion given by equation (jHJ): namely, the expression oj^ w \ qn= Q is 
prescribed. 

Let us now consider the quotient 

(H*(F n ) ® i^)/(gi) = H*(F n ) ® Z[q 2 , ...,q n ]= Z[y u . . .,y n „ h q 2 , . . .,q n ]/S(x 1 , ...,x n ) 

with the product induced by *. We denote it by *i. Assumption (vii) in Theorem 11.11 implies 
that for any a G H*(F n ) and any d — (0, d 2 , ■ ■ ■ , d n ) we have 

(4) d n [(yi - yj) * x a]d = dj(yi *i a) d , 
as well as 

(5) diKyx - yj) *x a] d = dj[(yi - y») *i a] d , 
for all 2 < i,j < n — 1. Let us replace 

2/1=^1,2/1— 2/n-l = *2, 2/1 - 2/n-2 = ^3, • • • , Vl ~ V% = Yn-1, 

and 

Qn — Qli Qn-1 — Q2, ■ • • , ?2 = Qn-1- 

As usual, we set Xj := Yj — Yj-i, for 1 < j < n, where Yq = Y n := 0. Then we have 

for all 1 < % < n, where the indices are evaluated modulo n. This implies that 

H*(F n ) =Z[Y U ..., Y n ^]/S{X x , ...,X n ). 

This also implies that 

n-l 

X i * 1 X j + ^2Q i = 0. 

l<i<j<n i=l 

From equations (J4]) and (j3J) we deduce that 

Q W^* ia) = Qj dQ- {Yl * ia) 

for all 1 < i,j < n — 1. All the hypotheses of Theorem 12. II are verified by *i. Consequently, 
we have *i = o. Thus, for any 1 < i < n — 1 and any v, w G S n , the expression u^ w \ qi=0 is 
prescribed. 

A similar reasoning can be made when we set qu to zero for an arbitrary k. It is ob- 
vious that if i G {1, ... ,n — 1} and v,w G S n , there exists at most one cu™ G -ft" with all 
U!i W \ qi= o, . . . , 07^1^=0 prescribed. This proves the uniqueness part of Theorem ll.il Theorem 
11.31 follows also. 
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3. Construction of the product * 

The construction is related to the periodic Toda lattice of type A. The following deter- 
minant expansion arises when describing the conserved quantities of this integrable system 
(see the introduction of [Gu-Ot] and the references therein). 

I Yi qi ... -z \ 

... ... 

q 3 ... 



(6) det 



-1 Y 2 -Y 1 q 2 
-1 Y 3 -Y 2 












-1 Y r 



n-2 



Y, 



n—3 



q n ~2 

-1 





q n -i 
-Y n -i ) 



+ Pin 



z 



We can easily see that TZ-i = 1, TZq 
(where Y = Y n := 0), and 

Tl n = (-1)'" *gi • . . q n - 
We consider the variables t%, . . . , t n -i, q n and the differential operators 

dti n dq n ' 



z. 



E 

l<i<j<n 



= o, 

n 

(Y.-Y^Yj-Yj^+J^Qj 



1 < i < n 
V h : = 



- 1. Then we consider the ring 

C[t u t n . u e* 1 , . . . , e tn -\ q n , hd?, hd^, h] = C[{t,}, {e**}, q n , {hd?}, h], 

where h is a formal variable. This ring is obviously non-commutative. It is graded with 
respect to 

deg U = 0, deg dp = 0, deg h = 2, deg e u = 4, deg q n = 4, 
for 1 < i < n — 1. The elements of T> h should be regarded as differential operators on the 



space C[ti 



f 1 e 1 



1 



g n ]. In each 7?.^ we formally replace as follows: 



• Yi by hd?, 1 < % < n - 1, 

• gj by e*% for 1 < i < ri — 1 (g n remains unchanged). 

The resulting element of T> h will be denoted by D\. By considering the expansion of the de- 
terminant given by equation ([6]) we can see that each is a linear combination of monomials 
of the form (hd/dh)^ . . . (/i9/9t n _i) a - 1 (/ig n 9/9g n ) a "(e tl ) f>1 . . . ( e *n-i)&„-i ? &» w h ere a k b k = 
for all 1 < k < n. This means that D\ can be obtained by simply making the replacements 
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indicated above in the determinant given by ([6]) and then expanding the determinant without 
any concern about the lack of commutativity of the ring T> h . 

We also consider the quotient ring 

(7) M h := V h /(Dl, D h n _,, e 41 • • ■ e^q n ), 
where the brackets ( ) denote the left ideal. We mention that 

dne tl ---e t ^q n ) = 0, Vz G {1, . . . , n — 1}, 
thus e* 1 • • • e tn ~ 1 q n is a central element of T> . 

We will need the following theorem, which is a straightforward consequence of |Go-Wat 
Lemma 3.5]. 

Theorem 3.1. ( |Go-Waj ) The ring 

C[e*S • • • , e*- 1 , q n , h%, h&l_i, h]/(D h 1} . . . , D h n _ x ) 

regarded as a left C[{e tl },q n , h]-module has dimension n\. More precisely, any Z-linear basis 
{[fw] I w ^ S n } of H*(F n ), with f w G Z[li, . . . , y^_i], induces the basis of the previously 
mentioned module which consists of the cosets of f w (hdi, . . . , hd n -\), w G S n . 

Let us fix a Z-linear basis {[f w ] I w G S n } of H*(F n ) as in the previous theorem. We may 
assume that f Ti i+1 = Y^, for all 1 < % < n — 1, where Tj j +1 is the transposition of % and i + 1 
in S n (for instance, we can take the Schubert basis). We choose an ordering of S n (i.e. of the 
elements of the basis) such that if l(v) < l(w) then v comes before w. In this way, the basis 
{[fw] I w G S n } of H*(F n ) consists of s — 1 elements of degree 0, followed by s\ elements of 
degree 2, . . ., followed by s m = 1 elements of degree 2m := dimF„. Linear endomorphisms 
of H*(F n ) <S> C can be identified with matrices of size n! x n\ whose entries are in C. Any 
such matrix appears as a block matrix of the type A = (^4 a /3)i< a ,/3< m . We say that a block 
matrix A = (A a p)i< a fi< m is r-triangular if A a p = for all a, (3 with (3 — a < r. We will use 
the splitting of a block matrix A = {A a p)x< a ^< m as 

(8) A = A [ - m] + ... + A [ - 1] + A [0] + A [1] + ... + A [m] 
where each block matrix Aw is r-diagonal. 

We set 

P w :=f w (hd?,...,hdZ_ l ), 

where w G S n . By Theorem 13. 1[ there exist uniquely determined polynomials (f2f ) vw G 
Cfe' 1 , . . . , e*™" 1 , q n , h] such that 

(9) hdiP w = (^iUPv modulo (Dl , . . . , D h n _ x ), 

veSn 

for all 1 < i < n — 1 and all w G S n . We note that each (fl%) vw is a homogeneous polynomial 
with respect to the grading given by 

degh = 2, dege* 4 =4, 1 < i < n — 1, degg„ = 4. 
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We consider the matrices 

ft? := ((tti)vw)v,weS n , w< := ft* modulo h. 

Let us also denote by C[{ij}, {e**}, q n ] W the subspace of C[{tj}, {e u }, q n ) spanned by the 
non-constant monomials of type t^ 1 ■ ■ -t^T/e™ 1 * 1 ■ ■ . e m n-it n -iqm n w j^j 1 ^ e p rQ p er ty that if 
k\ + . . . + k n _i > 1 then mi ■ ■ ■ m n ^ 0. The following result plays a central role in this 
section. 

Proposition 3.2. There exists a matrix U = (U vw ) VjWe s„ of the form 

(10) U={I + hV 1 + h 2 V 2 + ... + h m ~ 2 V m . 2 )V , 
with the following properties 

(a) Vq is a block matrix whose diagonal is I, such that Vq — I is 2-triangular and all entries 
ofV which are not on the diagonal are elements o/C[tj, ... , e* 1 , . . . , e* n_1 , q n ) W 

(b) for any 1 < j < m — 2, the block matrix Vj is (j + 2) -triangular and its entries are 
elements of C[ti, . . . , £ n _i, e* 1 , . . . , e*™- 1 , g n ] ( - 1 - ) 

(c) eac/i entry U vw is a polynomial in t%, . . . , t n _i, e* 1 , . . . , e* n_1 , g n , /i ; homogeneous with 
respect to degtj = 0, degh = 2, dege*' = degg„ = 4, such that 

deg(U vw ) + degP v = degP w , 

(d) we have 

(11) n$U + hd?(U) = UV^UiVo, 
for all 1 < i < u — 1. 

In the following we will show how to construct the product * by using this proposition (its 
proof will be done after that). For any w G S n , set 

P ■= f7 P 

v£S„ 

which is an element of T> h . Its coset modulo (D±, . . . , D^_ l7 e* 1 • • ■ e tn ~ 1 q n ) is 

(12) [P w ] := ^ U VW [P V ], 

V£S„ 

where 

E^ui := U vw mod e* 1 • • • e*™" 1 ^. 

Due to Proposition 13.2} t7 UM is actually in Cfe* 1 , . . . , e* n_1 , q n , h) (i.e. it is free of ti, . . . , t„_i). 
On the other hand, equation implies that in M h we have 

V£S„ 

where we have denoted 

(ft?)™ := (ft ft ) w mod e* 1 • • • e l ^q n . 
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From equation (fT2l we deduce 

(13) hd^[P vl ] = Y l ^iU[Pv], 

where the matrix fl^ := ((Cl^) VVJ ) VjWe s n is given by 

(14) h h t = IJ-^U + hU- x d?{U). 

Here we have used the elementary fact that if / G C[ti, . . . , t n _i, e' 1 , . . . , e* n_1 , g n ] then we 
have the equality 

as differential operators. Now from equation ffTTj) we deduce that 

(is) ft? = h- 1 ^^, 

where 

:= Vo modulo e' 1 • • • e u '^q n , 

and 

u>i := modulo e' 1 ■ • • e*"" 1 ^. 
Indeed, on the one hand, (fTTj) implies that 

(Vl\ mod)(?7 mod) + h(d?(U)) mod = (17 mod)(Vo mod)" 1 ^ mod)(V mod), 

where we have used the abbreviation 

mod := modulo e* 1 ■ • • e tn ~ 1 q n ; 

on the other hand, we have 

d?(U) mod = d?(U mod) = <9f (£/"). 

The cosets [f w (Yi, . . . , Y n _i)] q , w G are a basis of 

(16) C[Y l5 . . . , g l5 . . . , q n ]/(K u . . . , ft n ) 

over 7<" <g> C. Here we have denoted by [ ] 9 the cosets modulo (Hi, . . . , 7Z n ). Another basis is 
given by the cosets of 

(17) / W :=X)(^W«, 

V&Sn 

w G S n (this follows from Proposition 13.21 (a)). In (V ) vw we have replaced e' 1 , e* 2 , . . . , e'™ -1 
by Qi, q<2, ■ ■ •, respectively The map 

$ : 77*(F n ) (g) ® C C[r 1; . . . , Y n _i, qi,..., q n }/(Ki, . . . , K n ) 

given by [f w ] [f w ] q , for all w G 5* n , is an isomorphism of 7<" £g> C- modules. We define a 
product * on 77* (F n ) <g> 7f <g> C by 



[/«]*[/«] :=^ _1 ([/^ 



for all v, w G <9 n . 



A QUANTUM DEFORMATION OF THE COHOMOLOGY OF FLAG MANIFOLDS 



11 



Proposition 3.3. (a) The ring (H*(F n ) <S> K ® C, *) constructed above satisfies conditions 
(i)-(vii) in Theorem \l.l\ with K replaced by K <g> C. 

(b) The assertion stated in Theorem \1.3\ with K replaced by K eg) C holds true. 

(c) The subspace H*{F n )®K ofH*(F n )®K®C is closed under*. The ring (H*(F n )®K, *) 
satisfies conditions (i)-(vii) of Theorem \l.l[ 

(d) The map $ induces by restriction an isomorphism of K -modules 

$ : {H\F n ) <g> A» -> Z[n, . . . , K n _!, q u . . . , q n ]/{1l u ...,TZ n ). 

This is the homomorphism of K-algebras which maps to the coset of Y i} for all 1 < i < 
n — 1. 

Proof, (a) Only condition (vii) remains to be checked. First we note that the matrix of 
multiplication by Yi on the space described by equation (fToT) with respect to the if-basis 
{[f w {Y h Y n -i)) q } w€ s„ is fif | e ti= gi) ...,e t »-i=g n _i modulo q\---q n (this follows from equations 
(|15p . (j!7p and the fact that the matrix of multiplication by Yi with respect to the i^-basis 
{[f w (Y 1 , . . . , K n _i)] g I W G Sn} is u)i). From equation (Tl3|) . the identity dfd 1 - = d™d™ for all 

1 < z, j < ri — 1, and the fact that all are independent of h, we deduce that each entry 
of the matrix <9™(r^) — <9™(f2f) is a multiple of e* 1 • • ■e t "- 1 q n , thus it is equal to zero in K. 
This implies condition (vii). 

(b) The assertion can be proved by using the same method as in Section 2. 

(c) The assertion follows immediately from the following two claims. 

Claim 1. For any i G {1, . . . , n— 1} and any a G H*(F n ), the product y^a is in H*(F n ) ®K. 
Claim 2. Any a G H*(F n ) can be written as a = f{{yi*}, {qj}), where / is a polynomial in 
^[{Y^tij}]- 

To prove Claim 1, we consider again the Schubert basis {a w \ w G S n } of H*(F n ). We 
take i G {1, . . . , n — 1} and w E S n and consider u;^ G -ft' <8> C given by 

yi*o- w = ^2 ^r^v 

v£S n 

We show that df" G K. This is an immediate consequence of the fact that for any k G 
{1, . . . , n} we have 

UJi W \ gk =o G Z[gi, . . . , (&_!, . . . , g n ]. 
To prove this, we take into account that, by point (b) above, the ring ((H*(F n ) £g> K <S> 
C)/(qk),*) is isomorphic to the quantum cohomology ring of F n tensored with C. Moreover, 
Wi W \q k =o is a coefficient of the expansion of the quantum product of two elements of H*(F n ) 
(one of them of degree 2). 

To prove Claim 2, we assume that a is homogeneous and we use induction by dega. If 
a has degree or 2, the claim is obvious. At the induction step, we assume that the claim 
is true for any element of H*(F n ) of degree at most d and show that it is true for any y^a, 
where i G {1, . . . , n — 1} and a G H*(F n ) with deg a < d. To this end, it is sufficient to note 
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that Hi* a — Did is of the form described in the claim: this follows from Claim 1, point a) 
(especially conditions (ii) and (iii) in Theorem II .ip . and the induction hypothesis. 

(d) We use the definition of * on H*(F n ) (g) K <g) C and point c) above. 

□ 



Now comes the postponed proof of Proposition 13.21 

Proof of Proposition U7B . We go along the lines of Amarzaya and Guest [Am-Gu, Section 2]. 
Namely, for each i & {1, . . . ,n — l}we write 

of = Ui + hef ] + h 2 ef ] + ... + h m - 2 e[ m - 2 \ 

(k) 

where the matrix u>i is — 1-triangular and 6\ is k + 1-triangular, 1 < k < m — 2. We have 
the following splittings (see (jHJ)): 

Vo=I + v w + vi 3] + ... + vi m] 

V e =V e [e+2] + v} E+3] + ... + Vl m] (1 < i < m - 2) 

, , -, J" 1 ] -|_ , ,[°] 4- , ,W 4- 4- , ,N 
— 0>j + + + 

e W =9 mk + i] + e ( fc) ,[ fe+2 ] + + e (*), W (1 < fc < m _ X) x < , < n _ 1} . 

The main point is that there exists a total ordering on the matrices ,r>£ + 2>2in 
such a way that equation ffTTl) is equivalent to the system 

(18) <9™(vf ] ) = expression involving v}?' ] > Vj r] , Mi E {1, . . . , n - 1} 

for r > £ + 2 > 2. In this way we can determine all inductively. 
The system is compatible, the compatibility condition being 

1 



aftnj)-^(n?) = -[n* nf], 



where 1 < i, j < n — 1, which in turn, follows easily from ((9]) and the fact that df d™ = d™d%. 
It is also important to note that the right hand side of equation (TIB"]) is a linear combination 
of 9^ and left or right side products of such matrices with one or two vjf ^ (see the equation 
displayed before Definition 2.3 in [Am-Gu]). By using this we show recursively that all 
have entries in C[t 1 , . . . , t n _i, e* 1 , . . . , e tn_1 , q„\^ ■ This follows from the general fact that if 
/ G C[ti, . . . , £ n _i, e' 1 , . . . , e in_1 , q n ] has the property that 

di(f) eC[t 1 ,...,t n . 1 ,e h ,...,e t -\q n f\ for aU 1 < i < n - 1, 

then / e C[ii, . . . , t„_i, e* 1 , . . . , e' n_1 , qvj^. The proposition follows in an elementary way. 
□ 
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4. Frobenius property and orthogonality 

We first prove Theorem 11.21 

Proof of Theorem \1.2i We consider for each i 6 {l,...,n - 1} the if-linear operator 3^ on 
H*(F n ) <g> K given by 

(yi(a),b) = (yi*b,a), 

for all a, be H*(F n ). 

Now let us consider again the Schubert basis {a w \ w G S n } of H*(F n ). We know that it 
satisfies the orhogonality condition 

0, if v 7^ wow 

1, if v = w w 

where w is the longest element of S n . (That is, w (i) — n — i+ 1, for all i G {1, . . . , n}.) We 
deduce easily that the matrix of 3^i on H*(F n ) ®K with respect to the basis {cr WQW \ w G S n } 
is the transposed of the matrix of with respect to the basis (cr w ) w es n - From this we 

deduce as follows: 

1. for any i,j G {1, . . . , n — 1}, the operators 3^i and 3j commute with each other, 

2. if a is a homogeneous element of H*(F n ), then deg 3^(a) = deg a+2 and 3^ (a) modulo 
(qi,.. .,q n ) is equal to ^a. 

We will use the following claim. 
Claim 1. For any a G H*(F n ) there exists a polynomial / G Z[{Yj}, {qj}] with 

a = /(£)*}, {«&})■!■ 

To prove this, we use the same method as for Claim 1 in the proof of Proposition 13.31 
(property 2 above is used here). 

This allows us to define a product, denoted by •, on H*(F n ) eg) K, as follows. For any 
f,ge Z[{Yi},{qj}}, we set 

(/(OT, {?;})•!) • (gmh := (/<7)(OT, {<&})•!, 

where ".1" denotes evaluation on the element 1 of H*(F n ). This product satisfies the hy- 
potheses (i)-(vii) of Theorem 11.11 The first non-obvious one is (vi). This follows from the 
fact that 

Vi • yj = 3^-1, 

which implies that 

(Vi 9 Vj,a) = (3^3Vl,a) = (yi-ka,yj.l) = a, 1), 

for all a G H*(F n ). We use that * is associative and satisfies condition (vi). 

Let us now check condition (vii). Because 3^-1 = Vi, from Claim 1 we deduce that 
(20) y i »a = y i {a), 
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for all i £ {1, . . . , n — 1} and all a £ H*(F n ). We use again the fact that the matrix of 3^ 
on H*(F n ) <S> K with respect to the basis {o"„, „, | w £ 5 n } is the transposed of the matrix 
of u yfk" with respect to the basis (&w)wes„- Condition (vii) follows. From Theorem 11.14 we 
deduce that • is the same as *. 

Claim 2. We have 

y h *...*y ih = y h ...y ih .i, 

for all k > 1 and all ii, . . . , £ {1, . . . , n — 1}. 

We prove the claim by induction on k. For k — 1 the statement is clear. Assume that it 
is true for k. For any i x , . . . , i k+x £ {1, . . . , n — 1} we have 

y h ...y ik+1 .i = Vil • (y h ...y ik+1 .i) = y il *G/< a *...*i/i ifc+1 ), 

where we have used the induction hypothesis and equation (T5D]). 

Since the ring (H*(F n )®K, *) is generated as a K-algebra by 7/1, ... , ty n -i, Claim 2 implies 
immediately that 

yi{a) = Vi*a 

for alH £ {1, . . . , n — 1} and all a £ H*(F n ). From the definition of 3^ we deduce that 

(y< * 6, c) = (j/i * c, 6) 
for alH £ {1, . . . , n — 1} and all b, c £ H*(F n ). In turn, this implies 

(a ~kb,c) = (a* c, 6) 

for all a, b, c £ H*(F n ). Theorem 11.21 is now proved. □ 

In the second part of this section we consider again the presentation of (H*(F n ) <S> K,*) 
in terms of generators and relations given in the previous section. More precisely, let $ be 
the isomorphism described by Proposition 13.31 (d). For each w £ S n we pick a polynomial 
f w £ Z.[{Yi}, {qj}} such that 

= [fw]q, 

where [ } q denotes cosets of polynomials modulo (Hi, . . . , 1Z n ) (like in the previous section). 
For any / £ Z[{Yi}, {qj}] we consider the decomposition 

lf\q= ««>[/*>] 4 

WGSn 

where a w £ K. Then we set 

(([/]?)) : = a m 

where w is the longest element of S n (see above). If / and g are in {qj}], we define 

(([/]„ l9] q )):=(([f 9 ] q )). 

We show that the polynomials f w , w £ S n , satisfy the following orthogonality relation, 
similarly to the quantum Schubert polynomials (cf. |Fo-Ge-Po] and |Ki-Maj ). 
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Proposition 4.1. We have 



(([MM,)) 

Proof. We consider the expansion 



0, if v 7^ w w 

1, if v = w w. 



[fvfw\q ^ &u[fu 



T 
u€W 

Since $ is a ring isomorphism, this implies that 
We deduce that 

where we have used the Frobenius property. Finally, we use the orthogonality relation 

(US). □ 



5. Polynomial representatives of Schubert classes: an example 

Let us consider again the presentation of (H*(F n ) ® K, *) given in Proposition 13.31 (d). As 
usual in this paper, we set 

Xt := Yi - 1 < % < n, where Y = Y n := 0. 

In this way IZi, . . . , lZ n -i defined at the beginning of Section[3]are polynomials in Xi, . . . , X n ; 

we set 

TZq := X\ + . . . + X n . 

We have the ring isomorphism 

(21) (H*(F n ) ® K, ★) ~ Z[Xi, . . . , X„, 9l , . . . , q n }/(n , K u ...,Kn), 

where the classes x l :=yx,x 2 := y 2 —yi, ■ ■ ■ , x n -\ '■= y n -i - Vn-2, x n := —y n -i correspond to 
the cosets of Xi,X 2 , . . . , respectively X n . 

In this section we are concerned with the problem of finding, for an arbitrary w G S n , of a 
polynomial f w G Z[Xi, . . . , X n , 91, . . . , q n ] like in the previous section: its coset corresponds 
to the Schubert class a w via the isomorphism (I2TI) . In general, this problem can be solved 
by using Theorem 11.31 and the knowledge of the quantum cohomology ring of F n . We will 
illustrate this idea in the special case of F3. 



16 



A.-L. MARE 



The Schubert classes for F 3 are as follows (cf. e.g. |Fo-Ge-Pot Tables 14]): 

©123 = 1 

©213 = a?i 

©132 = Xi + X 2 
©231 = Xl%2 
©312 = x\ 
©321 = x\x 2 . 

For each of the classes & w above, we look for a polynomial f w (Xi, X 2 , X 3 , qi, q 2 , q 3 ) which 
is homogeneous relative to degX, = 2,deggj = 4, has the same degree as the cohomology 
class & w , has integer coefficients, and the element f w (xi-k,x 2 -k,x 3 -k,q 1 ,q 2 ,q 3 ) of H*(F 3 ) <S> 
Z[q 1 ,q 2 ,q 3 ] is the same as & w . For instance, for ©312, we look for / = X\ + g(qi,q 2 ,q3), 
where g is a homogeneous polynomial of degree 1. The condition which must be satisfied is 

(22) x 1 -kx 1 + g(q 1 ,q 2 ,q 3 ) = x 2 v 
We make successively q^ — 0, for k = 1, 2, 3. 

First we make q 3 = 0. Equation (1221) implies an identity in qH*(F 3 ) obtained by making 
the replacements prescribed by Theorem 11.31 They are as follows: 

X x := xi, X 2 := x 2 , X 3 = x 3 , Q x = gi, Q 2 := q 2 . 

The identity in qH*(F 3 ) is 

x 1 ox 1 + ( 7 (g 1 ,g 2 ,o) = x 1 2 . 

On the other hand, we know that (see for instance [Am-Gu, Section 3]) 

X 1 oX 1 = Y 1 oY 1 = Y? + Q 1 , 
thus g(Qi, Q 2 , 0) = —Qi, which gives 

(23) g(qi,<h,fy = -qi- 

We make qi = 0. The replacements are as follows: 

Xx := x u X 2 := x 3 , X 3 := x 2 , Q x := q 3 , Q 2 := q 2 . 
The identity in qH*(F 3 ) is 

X 1 oX 1 + g(0,Q 2 ,Q 1 ) =Xl 
Using the same method as above, we deduce 

(24) g(0,q 2 ,q 3 ) = -q 3 - 

Finally, we make q 2 = 0. The replacements are 

X x := x 2 , X 2 := x 1 ,X 3 := x 3 , Q 1 = q u Q 2 = q 3 . 
The identity in qH*(F 3 ) is 

X 2 oX 2 + g(Q 1 ,0,Q 2 ) =X\. 
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This time we obtain 

(25) 9(,Qi,0,Qa) = -Qi-Q3- 

From equations f )23|) . f )24|) . and fl25l) we deduce that 

9(11, 92,53) = -gi -gs- 

Thus, a polynomial representative of ©312 is 

^1 - gi - gs- 

Similarly one obtains the desired polynomials for all Schubert classes. They are as follows: 



©123 


1 


©213 


x 1 


©132 


x, + x 2 


©231 


x x x 2 + qi 


©312 


X\ - gi - g 3 


©321 


X\X 2 + q l X 1 - q 3 X 2 
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